We obtain common fixed point results for generalized I-nonexpansive C q -commuting maps. As applications, various best approximation results for this class of maps are derived in the setup of certain metrizable topological vector spaces.
Introduction and preliminaries
Let X be a linear space. A p-norm on X is a real-valued function on X with 0 < p ≤ 1, satisfying the following conditions:
(i) x p ≥ 0 and x p = 0 ⇔ x = 0, (ii) αx p = |α| p x p , (iii) x + y p ≤ x p + y p , for all x, y ∈ X and all scalars α. The pair (X, · p ) is called a p-normed space. It is a metric linear space with a translation invariant metric d p defined by d p (x, y) = x − y p for all x, y ∈ X. If p = 1, we obtain the concept of the usual normed space. It is well known that the topology of every Hausdorff locally bounded topological linear space is given by some p-norm, 0 < p ≤ 1 (see [7, 13] and references therein). The spaces l p and L p , 0 < p ≤ 1, are p-normed spaces. A p-normed space is not necessarily a locally convex space. Recall that dual space X * (the dual of X) separates points of X if for each nonzero x ∈ X, there exists f ∈ X * such that f (x) = 0. In this case the weak topology on X is well defined and is Hausdorff. Notice that if X is not locally convex space, then X * need not separate the points of X. For example, if X = L p [0,1], 0 < p < 1, then X * = {0} [17, pages 36-37] . However, there are some nonlocally convex spaces X (such as the pnormed spaces l p , 0 < p < 1) whose dual X * separates the points of X. In the sequel, we will assume that X * separates points of a p-normed space X whenever weak topology is under consideration.
Let X be a metric linear space and M a nonempty subset of X.
The set of fixed points of T (resp., f ) is denoted by F(T) (resp., F( f )). A point x ∈ M is a common fixed (coincidence) point of f and T if x = f x = Tx ( f x = Tx). The set of coincidence points of f and T is denoted by C( f ,T). A mapping T : M → M is called (1) hemicompact if any sequence {x n } in M has a convergent subsequence whenever d(x n ,Tx n ) → 0 as n → ∞; (2) completely continuous if {x n } converges weakly to x which implies that {Tx n } converges strongly to Tx; (3) demiclosed at 0 if for every sequence {x n } ∈ M such that {x n } converges weakly to x and {Tx n } converges strongly to 0, we have Tx = 0.
, then the maps are called weakly commuting; (6) compatible [10] if lim n d(T f x n , f Tx n ) = 0 whenever {x n } is a sequence such that lim n Tx n = lim n f x n = t for some t in M; (7) weakly compatible [2, 11] if they commute at their coincidence points, that is, if
Suppose that M is q-starshaped with q ∈ F( f ) and is both T-and f -invariant. Then T and f are called (8) R-subcommuting on M (see [19, 20] ) if for all x ∈ M, there exists a real number
9) R-subweakly commuting on M (see [7, 21] 
Clearly, C q -commuting maps are weakly compatible but not conversely in general. R-subcommuting and R-subweakly commuting maps are C q -commuting but the converse does not hold in general [2] . Meinardus [14] employed the Schauder fixed point theorem to prove a result regarding invariant approximation. Singh [22] proved the following extension of "Meinardus's" result. Shahzad [19] [20] [21] , Hussain and Berinde [7] , Rhoades and Saliga [16] , and O'Regan and Shahzad [15] .
The aim of this paper is to establish a general common fixed point theorem for C qcommuting generalized I-nonexpansive maps in the setting of locally bounded topological vector spaces, locally convex topological vector spaces, and metric linear spaces. We apply a new theorem to derive some results on the existence of best approximations. Our results unify and extend the results of Al-Thagafi [1] , Al-Thagafi and Shahzad [2] , Dotson [3] , Guseman and Peters [4] , Habiniak [5] , Hussain [6] , Hussain and Berinde [7] , Hussain and Khan [8] , Hussain et al. [9] , Jungck and Sessa [12] , Khan and Khan [13] , O'Regan and Shahzad [15] , Rhoades and Saliga [16] , Sahab et al. [18] , Shahzad [19] [20] [21] , and Singh [22] .
Common fixed point and approximation results
The following result extends and improves [ 
. Let M be a subset of a metric space (X,d), and let I and T be weakly compatible self-maps of M. Assume that cl(T(M)) ⊂ I(M), cl(T(M)) is complete, and T and I satisfy for all x, y ∈ M and 0
Letting n → ∞, we obtain I y = w = T y. We now show that T y is a common fixed point of I and T. Since I and T are weakly compatible and I y = T y, we obtain by the definition of weak compatibility that IT y = TI y. Thus we have T 2 y = TI y = IT y and so by inequality (2.1),
d(TT y,T y) ≤ hmax d(IT y,I y),d(IT y,TT y),d(I y,T y),d(IT y,T y),d(I y,TT y) ≤ hd(IT y,T y). (2.3)
Hence TT y = T y as h ∈ (0,1) and so T y = TT y = IT y. This implies that T y is a common fixed point of T and I. Inequality (2.1) further implies the uniqueness of the common fixed point T y. Hence
We can prove now the following. 
for some q and all x ∈ M and a fixed sequence of real numbers k n (0 < k n < 1) converging to 1. Then, for each n,
is affine, and Iq = q. As I and T are C q -commuting and I is affine with Iq = q, then for each x ∈ C q (I,T),
Thus IT n x = T n Ix for each x ∈ C(I,T n ) ⊂ C q (I,T). Hence I and T n are weakly compatible for all n. Also by (2.4),
for each x, y ∈ M. 
(T) ∩ F(I). Thus F(T) ∩ F(I) = ∅.
(ii) As in (i), there is a unique x n ∈ M such that x n = T n x n = Ix n . As T is compact and {x n } being in F(I) is bounded, so {Tx n } has a subsequence {Tx m } such that 
(iii) As in (i), there exists x n ∈ M such that x n = Ix n = T n x n , and M is bounded, so
The hemicompactness of T implies that {x n } has a subsequence {x j } which converges to some z ∈ M.
By the continuity of T and I we have z ∈ F(T) ∩ F(I). Thus F(T) ∩ F(I) = ∅.
(iv) As in (i), there exists x n ∈ M such that x n = Ix n = T n x n . Since M is weakly compact, we can find a subsequence [16] .
Corollary 2.3. Let M be a q-starshaped subset of a p-normed space X, and I and T continuous self-maps of M. Suppose that I is affine with q ∈ F(I), cl(T(M)) ⊂ I(M), and cl(T(M)) is compact. If the pair {I, T} is R-subweakly commuting and satisfies (2.4) for all x, y ∈ M, then F(T) ∩ F(I)
The following provides the conclusion of [13, Theorem 2] without the closedness of M.
Corollary 2.5. Let M be a nonempty q-starshaped subset of a p-normed space X. If T is nonexpansive self-map of M and cl(T(M)) is compact, then F(T) = ∅.
The following result contains properly Theorem 1.1, [18, Theorem 3] , and improves and extends [2, Theorem 3.1], [5, Theorem 8] , [13, Theorem 4] , and [19, Theorem 6] . Theorem 2.6. Let M be a subset of a p-normed space X and let I,T : X → X be mappings such that u ∈ F(T) ∩ F(I) for some u ∈ X and T(∂M ∩ M) ⊂ M. Assume that I(P M (u)) = P M (u) and the pair {I, T} is C q -commuting and continuous on P M (u) and satisfies for all
Suppose that P M (u) is closed, q-starshaped with q ∈ F(I), I is affine, and cl(T(P
It follows that the line segment {ku + (1 − k)x : 0 < k < 1} and the set M are disjoint. Thus x is not in the interior of M and so
and T, and I satisfy (2.8), we have
(2.9) 
Proof. Let x ∈ D, then proceeding as in the proof of Theorem 2.6, we obtain Tx ∈ P M (u). Moreover, since I is nonexpansive on P M (u) ∪ {u} and T satisfies (2.10), we obtain
Thus ITx ∈ P M (u) and so
Remark 2.8. Notice that approximation results similar to Theorems 2.6-2.7 can be obtained, using Theorem 2.2(ii)-(v). (3) A subset M of a linear space X is said to have property (N) with respect to T [7, 9] 
for some q ∈ M and a fixed sequence of real numbers k n (0 < k n < 1) converging to 1 and for each x ∈ M. A mapping I is said to have property (C) on a set M with property (N) if
All of the results of the paper (Theorem 2.2-Remark 2.8) remain valid, provided I is assumed to be surjective and the q-starshapedness of the set M and affineness of I are replaced by the property (N) and property (C), respectively, in the setup of p-normed spaces and metrizable locally convex topological vector spaces (TVS) (X,d) where d is translation invariant and d(αx,αy) ≤ αd(x, y), for each α with 0 < α < 1 and x, y ∈ X. Consequently, recent results due to Hussain [6] , Hussain and Berinde [7] , and Hussain et al. [9] are extended to a more general class of C q -commuting maps.
(4) Let (X,d) be a metric linear space with a translation invariant metric d. We say that the metric d is strictly monotone [4] if x = 0 and 0 < t < 1 imply d(0,tx) < d(0,x). Each p-norm generates a translation invariant metric, which is strictly monotone [4, 7] .
Using [10 
